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Introduction
The systems of coherent states related to Lie groups introduced in [Pe 1972],
play the important role in many branches of theoretical and mathematical
physics and pure mathematics [CS 1985], [Pe 1986].
The basic feature of such systems is that they are overcomplete, i.e. con-
tain subsystems, which are themselves complete. The most interesting of
them are subsystems related to discrete subgroups of Lie groups, the first
of which were considered by von Neumann [Ne 1929], [Ne 1932]. The com-
pleteness properties of such system were investigated in [BBGK 1971] and
[Pe 1971].
In the last few years q-deformed coherent states were introduced and some
their properties were investigated (see, for example, [AC 1976], [Bi 1989],
[Ma 1989], [Ju 1991]). Note that these states are related to q-deformed Lie
algebras [KR 1981], [Dr 1985], [Dr 1986], [Ji 1985], [Ji 1986], [FRT 1991].
We investigate in the present paper the completeness properties of q-
deformed coherent states for simplest q-deformed Lie algebras, namely for
wq(1), suq(2) and suq(1, 1). It appears that some important properties of
such systems are changed essentially after q-deformation.
1 System of standard coherent states
In this section we recall the basic properties of the system of standard co-
herent states, introduced by E. Schro¨dinger [Sch 1926] ( see [Ste 1988] for
historical discussion). For more details see books [CS 1985], [Pe 1986].
The basic quantities are the creation and annihilation operators a+ and
a and the unit operator I, which act in the Hilbert space H and generate the
Heisenberg–Weyl algebra:
[a, a+] = aa+ − a+a = I, [a, I] = [a+, I] = 0. (1.1)
The standard orthonormal basis {|n〉}, n = 0, 1, . . ., in H is defined by
|n〉 = (a
+)n√
n!
|0〉, (1.2)
where |0〉 is the vacuum vector satisfying the condition
a |0〉 = 0. (1.3)
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The operators a and a+ act as follows
a |n〉 = √n |n− 1〉, a+ |n〉 = √n+ 1 |n+ 1〉. (1.4)
Let us introduce the operators
E(α) = exp (αa), E+(α) = exp (αa+), α ∈ C. (1.5)
Then the standard system of coherent states that are non-normalized,
may be defined by the formula
||α〉 = E+(α) |0〉, (1.6)
or
||α〉 =
∞∑
n=0
αn√
n!
|n〉. (1.7)
It is easy to see that coherent states are eigenstates of the annihilation
operator
a ||α〉 = α ||α〉, α ∈ C, (1.8)
and we can calculate the norm of such state
〈α||α〉 =
∞∑
m,n=0
αmαn√
m!n!
〈m|n〉 =
∞∑
n=0
|α|2n√
n!
= exp (|α|2). (1.9)
Hence the normalized state |α〉 has the form
|α〉 = exp
(
−|α|
2
2
)
||α〉 = exp
(
−|α|
2
2
)∑ αn√
n!
|n〉. (1.10)
The coherent states are not orthogonal to one another. The scalar product
of two such states has the form
〈α||β〉 = exp (α¯β). (1.11)
We also have the“resolution of the unity”
1
pi
∫
d2 α |α〉 〈α| =
∞∑
n=0
|n〉 〈n| = I, (1.12)
from which it follows that the system of coherent states is complete.
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This gives us the possibility to expand an arbitrary state |ψ〉 on the states
|α〉
|ψ〉 = 1
pi
∫
d2α c(α) |α〉, c(α) = 〈α|ψ〉. (1.13)
Note that if a coherent state |β〉 is taken as |ψ〉, Eq. (1.13) defines a linear
dependence between different coherent states. It follows that the system of
coherent states is overcomplete, i.e. it contains subsystems that are complete.
Using (1.10) we obtain the following expression for 〈α|ψ〉 in (1.13):
〈α|ψ〉 = exp
(
−|α|
2
2
)
ψ(α), (1.14)
where
ψ(α) =
∞∑
n=0
cn√
n!
αn, cn = 〈n|ψ〉. (1.15)
At the same time, the inequality |cn| = |〈n|ψ〉| ≤ 1 means that ψ(α) is
an entire function of the complex variable α for the normalizing state |ψ >.
We also have |〈α|ψ〉| ≤ 1 and therefore have a bound on the growth of ψ(α):
|ψ(α)| ≤ exp
( |α|2
2
)
. (1.16)
The normalization condition may now be written as
I =
1
pi
∫
d2α exp
(
−|α|2
)
|ψ(α)|2 = 〈ψ|ψ〉 = 1. (1.17)
The expansion of an arbitrary state |ψ〉 with respect to coherent states
takes the form
|ψ〉 = 1
pi
∫
d2α exp
(
−|α|
2
2
)
ψ(α) |α〉. (1.18)
Thus, we have established a one-to-one correspondence between the vec-
tors |ψ〉 of the Hilbert space and the entire functions ψ(α), for which the
integral (1.17) is finite. This correspondence is established by Eqs. (1.15)
and (1.18).
3
2 System of coherent states for q-deformed
Heisenberg-Weyl algebra
The generalization of the coherent states for q-deformed Heisenberg–Weyl
algebra was given in the papers [AC 1976], [Bi 1989], [Ju 1991]. The corre-
sponding formulae of the previous section should be modified.
Here the basic quantities as in the previous section are the creation and
annihilation operators a+ and a and unit operator I, which act in the Hilbert
space H and satisfy the relations
[a, a+] = aa+ − qa+a = I, [a, I] = [a+, I] = 0. (2.1)
The orthonormal basis |n〉 in H is defined by
|n〉 = (a
+)n√
[n]!
|0〉, (2.2)
where
[n]! = [1] · [2] · . . . · [n], [n] = 1 + q + . . .+ qn−1 = 1− q
n
1− q , (2.3)
and |0〉 is the vacuum vector satisfying the condition
a |0〉 = 0. (2.4)
The operators a and a+ act here as
a |n〉 =
√
[n] |n− 1〉, a+ |n〉 =
√
[n+ 1] |n + 1〉. (2.5)
Let us introduce the operators
E(α) = eq(αa), E
+(α) = eq(αa
+), α ∈ C, (2.6)
where the function eq(x) is the generalization of the exponential function and
is defined by the formula (see [Ex 1983] and [An 1986] for details)3
eq(x) =
∑ xn
[n]!
. (2.7)
3For simplicity, we restrict the consideration of the case 0 ≤ q ≤ 1, used mainly in
mathematical literature.
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It is easy to see that this series converges at |x| < Rq = (1−q)−1 (for all finite
values of x at |q| > 1), and at q → 1, [n]! → n!. This function coincides
with a standard q-exponent and satisfies the equation(
d
dx
)
q
eq(x) = eq(x), (2.8)
where the q-derivative ( d
dx
)q is defined by the formula
(
d
dx
)
q
f(x) =
f(x)− f(qx)
x(1− q) , (2.9)
so that ( d
dx
)q → ( ddx) at the limit q → 1.
By using (2.8) and (2.9) one can show that
eq(x) =
1∏∞
k=0
(
1− qk(1− q)x
) . (2.10)
So the eq(x) is the meromorphic function, which has no zeros and has
simple poles at the points xk = q
−k/(1− q).
One can show [Ex 1983] that the inverse function
(
eq(x)
)−1
(an entire
function) is given by
(
eq(x)
)−1
= e1/q(−x) =
∞∑
n=0
(−1)nqn(n−1)/2 xn
[n]!
=
∞∏
k=0
(
1− qk(1− q)x
)
.
(2.11)
We now define the system of coherent states by the formula
||α〉 = E+(α) |0〉 (2.12)
and it is easy to see that this definition is coinside with the definition given
by Arik and Coon [AC 1976]
||α〉 =
∞∑
n=0
αn√
[n]!
|n〉. (2.13)
It is easy to see that coherent states are eigenstates of the annihilation
operator
a ||α〉 = α ||α〉, α ∈ C, (2.14)
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and we can calculate the norm of such states
〈α||α〉 =
∞∑
m,n=0
αmαn√
[m]! [n]!
〈m|n〉 =
∞∑
n=0
|α|2n
[n]!
= eq
(
|α|2
)
. (2.15)
Note that this series converges at
|α|2 < R2q = (1− q)−1. (2.16)
Hence the normalized state |α〉 has the form
|α〉 =
(
eq(|α|2)
)−1/2
||α〉 =
(
eq(|α|2)
)− 1
2 ∑ αn√
[n]!
|n〉, |α| < Rq. (2.17)
The coherent states are not orthogonal to one another. The scalar product
of two such states has the form
〈α||β〉 = eq(αβ), (2.18)
We also have the “resolution of the unity”
1
pi
∫
Dq
d2qα |α〉 〈α| =
1
2pi
∫ 2pi
0
dθ
∫ R2q
0
dq(r
2) |α〉 〈α| =
∞∑
n=0
|n〉 〈n| = I, (2.19)
α = reiθ, Dq = {α: |α| < Rq}.
which follows from the formula∫ x1
0
(
eq(x)
)−1
xn dqx = [n]!, (2.20)
where x1 = (1 − q)−1 is the first zero of the entire function
(
eq(x)
)−1
and
the integral
∫ 1
0 f(x) dqx is the so-called Jackson integral [Ex 1983]:∫ a
0
f(x) dqx = a(1 − q)
∞∑
k=0
qk f(qka). (2.21)
Note that from the“resolution of unity” (2.19) it follows that the system
of coherent states is complete. This gives us the possibility to expand an
arbitrary state |ψ〉 on the states |α〉
|ψ〉 = 1
pi
∫
d2 α 〈α|ψ〉 |α〉. (2.22)
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If a coherent state |β〉 is taken as |ψ〉, (2.22) defines a linear dependence
between different coherent states. Therefore, the system of coherent states
is overcomplete, i.e. contains subsystems, which are complete.
By using (2.17) we obtain an equation for 〈α|ψ〉
〈α|ψ〉 =
(
eq(|α|2)
)−1/2
ψ(α), (2.23)
where
ψ(α) =
∑ cn√
[n]!
αn, cn = 〈n|ψ〉. (2.24)
At the same time, the inequality |cn| = |〈n|ψ〉| ≤ 1 means that ψ(α) for
the normalizing state |ψ〉 is an analytical function of the complex variable α
in the disc Dq = {α||α| < Rq}. We also have |〈α|ψ〉| ≤ 1, and therefore a
bound on the growth of ψ(α):
|ψ(α)| ≤
(
eq(|α|2)
) 1
2
. (2.25)
We can now rewrite the normalization condition as
I =
1
pi
∫
Dq
d2qα
(
eq(|α|2)
)−1
|ψ(α)|2 = 〈ψ|ψ〉 = 1. (2.26)
The expansion of an arbitrary state |ψ〉 with respect to coherent states
takes the form
|ψ〉 = 1
pi
∫
Dq
d2qα
(
eq(|α|2)
)−1/2
ψ(α) |α〉. (2.27)
Thus, we have established a one-to-one correspondence between the vec-
tors |ψ〉 of the Hilbert space and the functions ψ(α) analytical in Dq, for
which the integral (2.26) is finite. This correspondence is established by
(2.23) and (2.27).
3 Completeness of subsystems of q-deformed
coherent states
As it was shown in the foregoing section, the system of q-deformed coherent
states
{|α〉:α ∈ Dq}, Dq = {α: |α| ≤ (1− q)−1/2} (3.1)
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is overcomplete, and hence there exist subsystems of coherent states that are
complete ones. We describe these subsystems in this section.
Let us take some set of points {αk} in the disc Dq and take the corre-
sponding subsystem of coherent states {|αk〉}. Then if there exists a vector
|ψ〉 of the Hilbert space H, which is orthogonal to all states {|αk〉}:
〈αk|ψ〉 = 0, (3.2)
then the system {|αk〉} is incomplete. It is complete if such a vector does
not exist.
We may reformulate this criterion in terms of the function
ψ(α) = 〈ψ||α〉 =∑
n
〈ψ|n〉 α
n√
[n]!
, (3.3)
which is analytic inside Dq, and is equal to zero at the points αk
ψ(αk) = 0. (3.4)
If such a function has a finite norm
||ψ||2 =
∫
Dq
|ψ(α)|2
(
eq(|α|2)
)−1
d2qα <∞, (3.5)
then the system {|αk〉} is incomplete. But if any such function has infinite
norm ||ψ|| =∞, then such a system is complete.
Note that the function ψ(α), having the finite norm, should satisfy the
condition
|ψ(α)|2
(
eq(|α|2)
)−1
≤ |ψ(α)|2
(
1− |α|2(1− q)
)
≤ C, α ∈ Dq. (3.6)
It follows from this condition that
lim
|α|2→(1−q)−1
|ψ(α)|
(
1− |α|2(1− q)
) 1
2
<∞. (3.7)
We give the simple example of the complete subsystem of coherent states.
Let the set {αk} have a limit point inside the disc Dq. The function that
is analytic inside Dq and equal to zero at points αk should be equal to zero
identically. Hence this system of coherent states is complete.
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For the future, it is convenient to introduce the new variable
ζ = (1− q)1/2 α. (3.8)
So we may now consider the set of functions analytical inside the unit disc
D = {ζ : |ζ | < 1}.
The characteristic property of ψ(ζ), related to the complete set {ζk}, is
that it has sufficiently many zeros inside Dr = {ζ : |ζ | < r} and hence it
sufficiently quickly grows at |ζ | → 1. So we may use some theorems from the
theory of functions analytical inside the unit disk.
Let us give the theorem [Le 1964] that relates the growth of such function
analytic in a disc with the distribution of its zeros.
Let M(r) be the maximum modulus of f(ζ) on the circle Cr = {ζ : |ζ | =
r}:
M1(r) =
[
1
2pi
∫
|f(reiθ)|2 dθ
] 1
2
, (3.9)
and n(r) be the number of zeros of f(ζ) in the disc D = {ζ : |ζ | < r}. We
assume that the limit
ν = limr→1 (1− r2)n(r) (3.10)
exists and that ν 6= 0. The numbers
τ = limr→1
[
lnM(r)/ ln
1
1− r2
]
, (3.11)
τ1 = limr→1
[
lnM1(r)/ ln
1
1− r2
]
(3.12)
characterize the growth of f(ζ) at |ζ | → 1, and we call τ and τ1 the general-
ized types of function f(ζ).
Note first of all the following relation between ν, τ and τ1:
Theorem 3.1. When ν > 0, the following inequalities are true
τ ≥ ν
2
, τ1 ≥ ν
2
. (3.13)
Proof. Dividing f(z) by azn, if necessary, we obtain f˜(z) with f˜(0) = 1.
We use the Jensen formula
1
2pi
∫ 2pi
0
ln |f˜(reiθ)| dθ =
∫ r
0
n(t)
t
dt, (3.14)
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from which
lnM(r) ≥
∫ r
0
n(t)
t
dt. (3.15)
On the another hand, from the generalized inequality between the arithmetic
and geometric means
lnM1(r) =
1
2
ln
[ 1
2pi
∫ 2pi
0
|f˜(reiθ)|2 dθ
]
≥ 1
2pi
∫ 2pi
0
ln |f˜(reiθ)| dθ =
∫ r
0
n(t)
t
dt.
(3.16)
It follows from the definitions of ν, τ and τ1, that whatever the numbers
ε > 0, ε1 > 0 and δ > 0, there exists the such number r0 < 1 that
lnM(r) ≤ (τ + ε) ln 1
1− r2 , lnM1(r) ≤ (τ1 + ε1) ln
1
1− r2 , (3.17)
n(r) ≥ ν − δ
1− r2 r
2,
when r > r). We may now rewrite (3.15) and (3.16) as
(τ + ε) ln
1
1− r2 ≥ lnM(r) ≥
∫ r0
0
n(t)
t
dt +
ν − δ
2
[
ln
1
1− r2 − ln
1
1− r20
]
,
(3.18)
(τ1 + ε1) ln
1
1− r2 ≥ lnM1(r) ≥
∫ r0
0
n(t)
t
dt+
ν − δ
2
[
ln
1
1− r2 − ln
1
1− r20
]
.
(3.19)
Considering the limit r → 1 in (3.18) and (3.19) with ν > 0, we arrive at
(3.13).
The criterion of completeness of the subsystem of q-deformed coherent
states follows from this theorem and from inequality (3.6).
Theorem 3.2. The system of q-deformed coherent states {|αk〉} is com-
plete, if the limit
ν = limr→1 (1− r2)n(r) (3.20)
exists and if ν > 1. Here n(r) is the number of points αk inside the disc
Dr = {ζ : |ζ | < r}.
In order to construct the examples of complete subsystems it is useful to
consider the unit disc D as a Lobachevsky plane with standard measure
dµ(ζ) =
d2ζ
(1− |ζ |2)2 ,
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on which the group G = SU(1, 1)/Z2 acts transitively. The simplest subsys-
tems {|αk〉} are related to the discrete subgroups Γ of the group G.
Let Γ = {γn} and α0 be any point of D.
Definition 3.3. The set of states {|αk〉}, where αk = γk · α0, is called
the subsystem of coherent states related to subgroup Γ.
Theorem 3.4. The system of q-deformed coherent states related to the
discrete subgroup Γ of the group G = SU(1, 1)/Z2 is incomplete if the area
SΓ of the fundamental domain Γ\D is infinite.
Proof. In this case one may show (see for example [Le 1964]) that there
exists a function f(ζ), which is analytic and bounded in D, that has zeros
at the points ζk. For such a function the norm defined by Eq. (3.5) is finite
and hence this system of coherent states is incomplete.
Theorem 3.5. Let the system of q-deformed coherent states {|αk〉} be
related to the discrete subgroup Γ, such that the area SΓ of the fundamental
domain Γ\D is finite and SΓ < pi. Then the system {|αk〉} is complete.
Proof. Let us remind that non-Euclidian area of the disc of radius r
is equal to S(r) = pir2/(1 − r2). In this case, it follows from the condition
SΓ < pi that ν = pi/SΓ > 1. Hence the norm of any analytic function,
which has the zeros in the points {αk}, is infinite, and the system {|αk〉} is
complete.
Let us try to list the discrete subgroups Γ for which SΓ < pi. To this
end, we need the information from the theory of discrete subgroups Γ of the
group SU(1, 1)/Z2, which we take from [Le 1964]. Let us restrict ourselves
to consideration of groups with finite area of the fundamental domain Γ\D.
It is known that in this case the fundamental domain has the form of a
polygon with an even number of sides 2n. These sides being divided into
pairs, are equivalent with respect to the action of transformations of the
group Γ. The vertices of the polygon are joined in the cycles of vertices,
which are equivalent to one another. With this, the sum of the angles of the
polygon at the vertices of a given cycle equals to 2pi/l, where l is either a
positive integer or ∞. If l = 1, the cycle is called random. If l = ∞, the
vertices of the cycle lie on the boundary of the domain D, and the cycle is
called parabolic, while in all the other cases, the cycle is called elliptic and l
is called the order of the cycle. Let c be the number of cycles. By identifying
equivalent sides and vertices, we obtain a Riemann surface. The genus p of
11
this surface may be found by the formula
2pi = 1 + n− c. (3.21)
We call the set of numbers (p, c; l1, l2, . . . , lc) the signature of the group
Γ. We would like to mention that the area of the fundamental domain SΓ is
completely determined by the signature of the group and, for our choice of
invariant measure dµ(ζ) = (1− |ζ |2)−2dξdη, is given by
SΓ = pi
[
p− 1 + 1
2
c∑
j=1
(
1− 1
lj
)]
. (3.22)
From (3.22) it is easy to see that the value of SΓ cannot be arbitrarily
close to zero. It may be shown [Si 1945] that the minimal value of SΓ =
pi
84
corresponds to the group Γ with the signature (0, 3; 2, 3, 7). If the
fundamental domain is not compact, i.e. the group Γ contains parabolic
elements, then SΓ ≥ pi12 ; SΓ = pi12 correspond to the modular group Γ =
(0, 3; 2, 3,∞). It is known also that when p ≥ 2, the signature of Γ may be
arbitrary. For p = 1 the condition c ≥ 1 should be satisfied, and for p = 0
we should have either c ≥ 5, or c = 4 and ∑ l−1j < 2, or c = 3 and ∑ l−1j < 1.
We are interested here in the case
SΓ
pi
=
[
p− 1 + 1
2
c∑
j=1
(
1− 1
lj
)]
< 1. (3.23)
As it will shown below, the number of such cases is finite.
Let us consider separately the different cases:
I. Let p ≥ 2, then (3.23) cannot be satisfied.
II. Let p = 1, then (3.23) takes the form
c∑
j=1
1
lj
> c− 2, c ≥ 1; n = c+ 1. (3.24)
Hence here we may have:
a)
c = 1; l1 = 2, 3, . . . ,∞, (3.25)
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b)
c = 2; l1 = 2, 3, . . . ,∞, l2 = 2, 3, . . . ,∞, (3.26)
except of the case l1 =∞, l2 =∞,
c)
c = 3;
3∑
j=1
1
lj
> 1, (3.27)
c1)
c = 3; l1 = 2, l2 = 2, l3 = 2, 3, . . . , <∞, (3.28)
c2)
c = 3; (l1, l2, l3) = (2, 3, 3), (2, 3, 4), (2, 3, 5). (3.29)
III. Let
a)
p = 0,
c∑
j=1
1
lj
> c− 4, (3.30)
a1)
c = 5,
5∑
1
1
lj
> 1, (3.31)
a2)
c = 6,
6∑
1
1
lj
> 2, (3.32)
a3)
c = 7,
7∑
1
1
lj
> 3, (3.33)
a4)
c = 8,
8∑
1
1
lj
> 4. (3.34)
This case and also the case c >∞ are impossible.
b)
c = 4,
4∑
1
1
lj
> 0,
4∑
j=1
1
lj
< 2, (3.35)
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c)
c = 3,
3∑
1
1
lj
> −1,
3∑
j=1
1
lj
< 1. (3.36)
So, as a function having zeros at the points ζn = γn · ζ0, we may take the
automorphic form related to discrete subgroup Γ = {γn}. If the fundamental
domain Γ\D has finite area, we may take it as polygon with finite number
of sides which are segments of geodesics. Vertices of a polygon lying on
the bondary of disc are called parabolic vertices. We denote P the set of
parabolic vertices, and D+ = D
⋃P. Now we are ready to give the definition
of the automorphic form.
Definition. An automorphic form of weight m (m is integer) is a func-
tion fm(z) that is analytic in D, satisfies the functional equation
fm(ζ · γn) = (βnz + αn)2m fm(z), γn =
(
αn βn
βn αn
)
∈ Γ
and is regular in D+ (this means that at each parabolic vertex ζp of the domain
Γ\D, there should exist lim(z − zp)2mfm(z) at z → zp, in the interior of
domain Γ \ D). An automorphic form fm(z) is called parabolic if fm(z)
vanishes at all parabolic vertices.
The set of automorphic forms of weight m builds a finite-dimensional vec-
tor space. We denote dm(Γ) (d
+
m(Γ), correspondently) the dimension of the
space of automorphic forms (the space of parabolic forms, correspodently).
Let m0(m
+
0 ) be the least m for which dm(Γ) ≥ 2 (d+m(Γ) ≥ 2, correspon-
dently). It is known (see for example [Le 1964]) that if Γ\D is compact, then
dm(Γ) = d
+
m(Γ), m0 = m
+
0 , and any automorphic form may be considered as
parabolic one.
The dimension of the space of automorphic forms of weight m is given by
dm(Γ) =


0, for m < 0,
1, for m = 0,
g1, for m = 1,
(2m− 1)(p− 1) +∑cj=1 [m (1− 1lj
)]
, for m ≥ 2.
(3.37)
Here, p is the genus of the fundamental domain, [m] is the integer part
of the number m, and g1 ≥ p is the number of holomorphic differentials on
the Riemann surface Γ\D.
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With this, the number of zeros of function fm(z) in the interior of funda-
mental domain is given by the Poincare´ formula [Po 1882] (written here in a
somewhat different form)
N = 2mSΓ/pi. (3.38)
It should be mention that if there are elliptic and parabolic verticies, this
number need not be integer.
Further, from a comparison of (3.22) and (3.37) we found that
N ≥ dm + p− 1, (3.39)
with the equality sign holding only in case when the numbers m/li are inte-
gers, including zero.
In what follows we shall be interested in automorphic forms for which
dm(Γ) ≥ 2. We denote by m0 the minimal weight of such forms. We consider
now the values which m0 may take.
I. If p ≥ 2 then m0 = 1, as it is evident from formula (3.37).
II. Let p = 1 and let c2 be the number of parabolic cycles. Then, if
a) c2 ≥ 2, then m0 = 1,
b) c2 = 1, then m0 = 2,
c) c2 = 0 and Γ = (1, 1; 2), then m0 = 4,
d) c2 = 0 and Γ = (1, 1; l), l > 3, then m0 = 3,
e) c2 = 0, c ≥ 2, then m0 = 2.
III. If p = 0 then
m0 ≥ m1 = pi
2SΓ
=
[ c∑
i=1
(
1− 1
li
)
− 2
]−1
=
[
c− 2−
c∑
i=1
1
li
]−1
. (3.40)
Let us introduce the notation:
N0 = 2m0 SΓ/pi.
It follows from (3.39) that N0 ≥ p+1.Therefore, N0 can be equal to one only
in the case of p = 0.
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With this, dm0 = 2, and the value of m0 may be determined from (3.38):
m0 =
pi
2SΓ
=
[ c∑
i=1
(
1− 1
li
)
− 2
]−1
. (3.41)
Let l be the least common multiple of the numbers lj which are not
infinite. Then, (3.41) can be written in the form:
m0 = l
[∑
i
(
l − l
li
)
− 2l
]−1
,
from which it follows that m0 ≤ 1. However, m0 must be divisible by those
of li which are not infinite. Therefore, they must coincide with l, i.e., m0 = l.
Thus we have
Proposition. If group Γ of signature (0, c; l1 . . . lc1, ∞, . . .∞) admits
automorphic form fm0(z) with one zero in the fundamental domain, then
m0 is the least common multiple of the numbers l1, l2, . . . , lc1 and, moreover,
must satisfy the condition
m0(c− 2)−
c1∑
i=1
m0
li
= 1. (3.42)
It is not difficult to show that (3.42) has a solution only for c = 3, 4, 5,
and that the number of solutions of this equation is finite. There are 21
discrete subgroups Γ corresponding to them. All of them are listed in Table
I.
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TABLE I
m0 Γ
1 (0,3;∞,∞,∞)
2 (0,3; 2,∞,∞), (0,4; 2,2,2,∞), (0,5; 2,2,2,2,2)
3 (0,3; 3,3,∞)
4 (0,3; 4,4,4), (0,3; 2,4,∞), (0,4; 2,2,2,4)
6 (0,3; 2,3,∞), (0,3; 3,3,6), (0,3; 2,6,6), (0,4; 2,2,2,3)
8 (0,3; 2,4,8)
10 (0,3; 2,5,5)
12 (0,3; 3,3,4), (0,3; 2,3,12), (0,3; 2,4,6)
18 (0,3; 2,3,9)
20 (0,3; 2,4,5)
24 (0,3; 2,3,8)
42 (0,3; 2,3,7)
4 Case of q-deformed su(2)-coherent states
In this section we consider the basic properties of the system of q-deformed
su(2)-coherent states (see [Ju 1991] for other details).
The basic quantities here are the operators J± and J0, which act in the
Hilbert space H of finite dimension 2j+1 (j is half-integer, 2j+1 is a positive
integer) with the basis
|j, µ〉, µ = −j,−j + 1, . . . , j, (4.1)
or
|n〉, n = j + µ, n = 0, 1, . . . , 2j. (4.2)
The operators J± and J0 act as follows
J± |j, µ〉 =
√
[j ∓ µ] [j ± µ+ 1] |j, µ± 1〉, (4.3)
J0 |j, µ〉 = µ |j, µ〉, (4.4)
or
J+ |n〉 =
√
[n+ 1] [2j − n] |n + 1〉, (4.5)
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J− |n〉 =
√
[n] [2j − n+ 1] |n− 1〉, (4.6)
J0 |n〉 = (n− j) |n〉. (4.7)
Here [n] is the Gauss symbol [Ga 1808]
[n] = 1 + q + . . .+ qn−1 =
1− qn
1− q , [n]! = [1] [2] . . . [n]. (4.8)
¿From (4.5) it is not difficult to obtain
|n〉 =
√√√√ [2j − n]!
[n]! [2j]!
(J+)
n |0〉. (4.9)
¿From (4.5)–(4.7) it follows that the operators J± and J0 satisfy the commu-
tation relations 4
[J0, J±] = ±J±, [J+, J−] = [2J0], (4.10)
where the operator [2J0] is defined by the formula
[2J0] |n〉 = λn |n〉, (4.11)
λn =
(
qj−µ[j + µ]− qj+µ[j − µ]
)
=
{
qj−µ [2µ], µ ≥ 0;
−qj+µ [−2µ], µ ≤ 0. (4.12)
Now we define the system of q-deformed coherent states by the formula
||z〉 = eq(zJ+) |0〉. (4.13)
¿From (4.9) we have
||z〉 =
2j∑
n=0
√√√√ [2j]!
[n]! [2j − n]! z
n |n〉 (4.14)
and we may calculate the norm of this state
〈z||z〉 = G2j(|z|2) =
2j∑
n=0
[2j]!
[n]! [2j − n]! |z|
2n = [1 + |z|2](2j). (4.15)
4Note that we use the quantum algebra generators different from the standard ones
[KR 1981], [Ji 1985]
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Here G2j(x) is a certain polynomial of degree 2j. Let us give the simplest
examples:
G0 = 1, G1 = 1 + x, G2 = 1 + [2]x+ x
2 = 1 + (1 + q)x+ x2;
G3 = 1 + [3]x+ [3]x
2 + x3 = (1 + x)
(
1 + ([3]− 1)x+ x2
)
, . . . (4.16)
Note that these polynomials were first considered by Gauss [Ga 1808] and
investigated in more detail in the paper by Szego¨ [Sz 1926]. Here we note
the following important properties of these polynomials:
i) Their roots are located on the circle of unit radius and x = 1 is not a root.
ii) The relation of these polynomials to theta–functions [Sz 1926]. Namely
the functions
Φ0 = 1, . . . , Φn =
(−1)n qn/2√
(1− q) (1− q2) . . . (1− qn)
Gn
(
−q−1/2z
)
are orthogonal on the unit circle {z: z = eiθ} with the weight function
f(θ), which coincides with theta–function
∫ 2pi
0
Φj(θ) Φk(θ) f(θ) dθ = 0, j 6= k,
f(θ) =
∞∑
n=−∞
qn
2/2 einθ =
∞∑
n=−∞
qn
2/2 cosnθ =
∣∣∣∣D(eiθ)
∣∣∣∣2,
D(z) =
∞∏
n=1
√
1− qn
(
1 + q(2n−1)/2z
)
.
Note also that we have
Gn (q
1/2) =
n∏
ν=1
(1 + qν/2),
the expression for the generating function for Gn(x),
∞∑
n=0
Gn(x)
(1− q) (1− q2) . . . (1− qn) t
n =
∞∏
n=0
1
(1− qnt) (1− qntx) ,
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and the recurrence formulae
Gn+1(x) = (1 + x)Gn(x)− (1− qn) xGn−1(x);
Gn(qx)− (1− qn)Gn−1(qx) = qnGn(x).
Let us denote the roots as ζ1, . . . , ζ2j. Then |ζk| = 1 and ζk is also the
root as ζk. So
Gn(x) =
n∏
j=1
(x− ζj).
The normalized coherent states now take the form
|z〉 =
(
G2j(|z|2)
)−1/2 2j∑
n=0
√√√√ [2j]!
[n]! [2j − n]! z
n |n〉, (4.17)
and the scalar product of two such states is
〈w|z〉 = G2j(wz)(
G2j(|z|2)G2j(|w|2)
)1/2 . (4.18)
So for the fixed coherent state |z〉 there are 2j coherent states |wk〉, k =
1, . . . , 2j, which are orthogonal to state |z〉. Here
wk = (z)
−1ζk. (4.19)
As for the standard system of coherent states, for q-coherent states we
also have the resolution of unity
∫
||z〉 〈z|| dqµ(z) = I, (4.20)
dqµ(z) =
[2j + 1]
2pi
(
G2j+2(|z|2)
)−1
dq(|z|2) dθ, z = |z|eiθ. (4.21)
To prove this, let us consider the integral
In,l =
∫ ∞
0
xn
(
Gl(x)
)−1
dqx. (4.22)
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Then after an integration by parts [Ex 1983] we have
In,l =
q−n [n]
[l − 1]
∫ ∞
0
xn−1
(
Gl−1(q
−1x)
)−1
dqx, (4.23)
and hence
In,l =
[n]!
[l − 1] [l − 2] . . . [l − n]I0,l−n. (4.24)
Furthermore
I0,l−n =
∫ ∞
0
(
Gl−n(q
−nx)
)−1
dqx =
qn
[l − n− 1] , (4.25)
and finally
∫ ∞
0
xn
(
Gl(x)
)−1
dqx =
[n]! [l − n− 2]!
[l − 1]! . (4.26)
As a result of resolution of unity, an arbitrary vector |ψ〉 may be represented
by a polynomial of degree 2j:
ψ(z) = 〈z|ψ〉. (4.27)
Finally we come to the functional realization of the Hilbert space Fj
〈ψ1|ψ2〉 =
∫
ψ1(z)ψ2(z) dqµ(z) (4.28)
and have the basis:
fn(z¯) = 〈z||n〉 =
√√√√ [2j]!
[n]! [2j − n]! z
n. (4.29)
It is easy to see that any set of (2j + 1) coherent states form nonorthogonal
basis in Fj.
5 Case of q-deformed suq(1, 1)-coherent states
In this section we consider the basic properties of the system of q-coherent
states for discrete series T+k (see [Ju 1991] for other details).
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The basic quantities here are the operators K± and K0, which act in the
infinite-dimensional Hilbert space H with the basis
{|k, µ〉}, µ = k, k + 1, . . . , (5.1)
or
{|n〉}, n = µ− k, n = 0, 1, . . . . (5.2)
The operators K± and K0 act as follows
K± |k, µ〉 =
√
[µ± k] [µ∓ k ± 1] |k, µ± 1〉, (5.3)
K0 |k, µ〉 = µ |k, µ〉 (5.4)
or
K+|n〉 =
√
[n+ 1] [2k + n] |n+ 1〉, (5.5)
K−|n〉 =
√
[n] [2k + n− 1] |n− 1〉, (5.6)
K0 |n〉 = (k + n) |n〉. (5.7)
Here [n] is the Gauss symbol [Ga 1808]
[n] = 1 + q + . . .+ qn−1 =
1− qn
1− q , [n]! = [1] [2] . . . [n]. (5.8)
¿From (5.5) it is not difficult to obtain
|n〉 =
√√√√ [2k]!
[n]! [2k + n− 1]! (K+)
n |0〉. (5.9)
¿From (5.5)–(5.7) it follows that the operators K± and K0 satisfy the com-
mutation relations 5
[K0, K±] = ±K±, [K−, K+] = [2K0], (5.10)
where the operator [2K0] is defined by the formula
[2K0] |n〉 = λn |n〉, (5.11)
5Note that we use the quantum algebra generators different from the standard ones
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λn =
(
qµ−k[µ+ k] + qµ+k−1[µ− k]
)
=
(
q2k+n−1[n] + qn[2k + n]
)
(5.12)
Now we define the system of q-coherent states by the formula
||z〉 = eq (zK+) |0〉. (5.13)
¿From (5.9) we have
||z〉 =
∞∑
n=0
√√√√ [2k]!
[n]! [2k + n]!
zn |n〉 (5.14)
and may calculate the norm of this state
〈z||z〉 = F2k (|z|2) =
∞∑
n=0
[2k + n− 1]!
[n]! [2k]!
|z|2n =
(
1− |z|2
)−(2k)
. (5.15)
Here F2k(x) is the function of degree (−2k):
F2k(x) = G
−1
2k (−x).
Let us give the simplest examples:
F0 = 1, F1 = (1−x)−1, F2 =
(
1− [2]x+ x2
)−1
=
(
1− (1+ q)x+ x2
)−1
;
F3 =
(
1− [3]x+[3]x2−x3
)−1
=
(
(1−x)
(
1− ([3]−1)x+x2
))−1
. . . (5.16)
Here we only note that the poles of these functions are located on the circle
of unit radius and that, at integer k, x = 1 is a pole.
Let us denote the poles as ζ1, . . . , ζ2k. Then |ζk| = 1 and ζk is the pole
too as ζk. So the normalized coherent states have the form
|z〉 =
(
F2k(|z|2)
)−1/2 ∞∑
n=0
√√√√ [2k]!
[n]! [2k − n]! z
n |n〉, (5.17)
and the scalar product of two such states is
〈w|z〉 = F2k (wz)(
F2k(|z|2)F2k(|w|2)
)1/2 . (5.18)
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As for the standard system of coherent states for q-coherent states we
also have the resolution of unity∫
||z〉 〈z|| dqµ(z) = I, (5.19)
dqµ(z) =
[2k − 1]
2pi
(
F2k+2(|z|2)
)−1
dq(|z|2) dθ, z = |z| eiθ. (5.20)
To prove this, let us consider the integral
In,l =
∫ 1
0
xn
(
Fl(x)
)−1
dqx. (5.21)
Then after an integration by parts [Ex 1983] we have
In,l =
q−n[n]
[l − 1]
∫ 1
0
xn−1
(
Fl−1(q
−1x)
)−1
dx (5.22)
and hence
In,l =
[n]!
[l − 1] [l − 2] . . . [l − n]I0,n−l. (5.23)
Furthermore
I0,n−l =
∫ 1
0
(
Fl−n(q
−nx)
)−1
dqx =
qn
[l − n− 1] (5.24)
and finally ∫ 1
0
xn
(
Fl(x)
)−1
dqx =
[n]! [l − n− 2]!
[l − 1]! . (5.25)
As a result of resolution of unity, an arbitrary vector |ψ〉 may be represented
by a function of degree 2k:
ψ(z) = 〈z||ψ〉. (5.26)
And we finally come to the functional realization of the Hilbert space Fk:
〈ψ1|ψ2〉 =
∫
ψ1(z)ψ2(z) dqµ(z) (5.27)
and we have the basis
fn(z¯) = 〈z||n〉 =
√√√√ [2k]!
[n]! [2k − n]! z
n. (5.28)
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So all formulae here are similar to the corresponding formulae for the case of
Heisenberg-Weyl algebra. Comparing, for example the basic formulae (2.15)
and (5.15) we can see that the case of Heisenberg-Weyl algebra is similar to
the case of su (1,1) for k = 1
2
. So, for suq(1,1) algebra we have the results
analogous to results of section 2.
Acknowledgments. It is pleasure to thank the Department of Theoretical
Physics, University of Valencia for their hospitality and P. Kulish for useful
remarks.
25
References
[AC 1976] M. Arik and D. Coon, Hilbert spaces of analytic functions and
generalized coherent states, J. Math. Phys. 17, 524–527
[An 1986] G.E. Andrews, q-Series: Their Development and Application in
Analysis, Number Theory, Combinatorics, Physics, and Computer Al-
gebra, AMS, Providence
[BBGK 1971] V. Bargmann, P. Butera, L. Girardello and J. Klauder, On the
completeness of the coherent states, Reps. Math. Phys. 2, 221–
[Ba 1961] V. Bargmann, On a Hilbert space of analytic functions I, Commun.
Pure Appl. Math. 14, 187–214
[Bi 1989] L.C. Biedenharn, The quantum group SUq(2) and a q-analogue of
the boson operators, J. Phys. A22, L873–L878
[CS 1985] J.R. Klauder and B.-S. Skagerstam Eds., Coherent States, World
Scientfic, Singapore
[Dr 1985] V.G. Drinfeld, Sov. Math. Dokl. 36, 212
[Dr 1986] V.G. Drinfeld, In: Proc. of the 1986 Int. Congress of Math., 798,
Berkeley, AMS, Providence, RI
[Ex 1983] H. Exton, q-Hypergeometric Functions and Applications, Ellis Hor-
wood Limited
[FRT 1991] L. Faddeev, N. Reshetikhin and L. Takhtajan, Quantization of
Lie groups and Lie algebras, Leningrad Math. J. 1, 193
[Fo 1929] L. Ford, Automorphic Functions, New York
[Fo 1928] V.A. Fock, Verallgemeinerung und Lo¨sung der Diracschen Statis-
tischen Gleichung, Zs. fu¨r Phys. 49, 339-357
[Ga 1808] C.F. Gauss, Summatio quarumdam serierum singularium, In:
Werke, Bd.2, 11–45; Bd.3, 461–469; Georg Olms Verlag Hildesheim
New York
26
[Ja 1908] F.T. Jackson, Trans. Roy. Soc. 46, 253–281
[Ja 1910] F.T. Jackson, Quart. J. Pure Appl. Math. 41, 193–203
[Ja 1951] F.T. Jackson, Quart. J. Math., Oxford Ser. 2, 1–16
[Ji 1985] M. Jimbo, A q-difference analogue of U(g) and the Yang–Baxter
equation, Lett. Math. Phys. 10, 63
[Ji 1986] M. Jimbo, Commun. Math. Phys. 102, 537
[Ju 1991] B. Jurcˇo, On coherent states for the simplest quantum qroups, Lett.
Math. Phys. 21, 51–58
[KR 1981] P. P. Kulish and N.Reshetikhin, Zap. Nauch. Semin. LOMI
101,101
[Le 1964] J. Lehner, Discontinuous Groups and Automorphic Functions,
AMS, Providence, RI
[Lev 1964] B. Levin, Distribution of Zeros of Entire Functions, (Transl.
Math. Monog. 5), Am. Math. Soc., Providence, RI
[Ma 1969] G. Margulis, On certain applications of ergodic theory to the study
of manifolds of negative curvature, Funct. Anal. Appl. 3, No.4, 89–90
[Ma 1989] A.J. Macfarlane, On q-analogous of the quantum harmonic oscil-
lator and the quantum group SU(2)q, J. Phys. A22, 4581–4588
[Ne 1929] J. von Neumann, Beweis des Ergodensatzes und des H-Theorems
in der neuen Mechanik, Zs. fu¨r Physik 57, 30–70
[Ne 1932] J. von Neumann, Mathematische Grundlagen der Quanten-
mechanik, Springer, Berlin
[Pe 1971] A.M. Perelomov, Note on the completeness of systems of coherent
states, Theor. Math. Phys. 6, 156–164
[Pe 1972] A.M. Perelomov, Coherent states for arbitrary Lie group, Com-
mun. Math. Phys. 26, No 3, 222–236
27
[Pe 1973] A.M. Perelomov, Coherent states for the Lobachevskian plane,
Funct. Anal. Appl. 7, 215–222
[Pe 1986] A.M. Perelomov, Generalized Coherent States and Their Applica-
tions, Springer-Verlag, Berlin
[Pe 1996] A.M. Perelomov, On the completeness of some subsystems of q-
deformed coherent states, Helv. Phys. Acta 68, 554–576
[Po 1882] H. Poincare´, Memoire sur les fonctions fuchsiennes, Acta Math.
1, 193–294
[Sch 1926] E. Schro¨dinger, Naturwissenschaften 14, 664
[Si 1945] C.L. Siegel, Some remarks on discontinuous groups, Ann. Math.
46, 708–718
[Ste 1988] F. Steiner, Schro¨dinger’s discovery of coherent states, Physica
B151, 323–326
[Sz 1926] G. Szego¨, Ein Beitrag zur Theorie der Thetafunctionen, Sitzungs-
ber. Berlin Akad., 242–252
[We 1928] H. Weyl, Gruppentheorie und Quantummechanik, Leipzig
28
